A new condition, called "Local KMS Condition", characterizing states of a quantum field to which one can ascribe, at a given spacetime point, a temperature, is introduced in this article. It will be shown that the Local KMS Condition (LKMS condition) is equivalent to the Local Thermal Equilibrium (LTE) condition, proposed previously by Buchholz, Ojima and Roos, for states of the quantized scalar Klein-Gordon field that fulfill the analytic microlocal spectrum condition. Therefore, known examples of states fulfilling the LTE condition provide examples of states obeying the LKMS condition with a temperature distribution varying in space and time. The results extend to the generalized cases of mixed-temperature LKMS and LTE states. The LKMS condition therefore provides a promising generalization of the KMS condition, which characterizes global thermal equilibrium states with respect to an inertial time evolution, to states which are globally out of equilibrium but still possess a local temperature distribution.
Introduction
In quantum field theory as well as in quantum statistical mechanics, the characterization of states which have a temperature distribution varying in space and time has proved notoriously difficult, in particular within model-independent frameworks. Already the initial step, consisting of a definition of "temperature" of the system at any spacetime point is a non-trivial step. While the KMS (Kubo-Martin-Schwinger) condition serves as both a sufficiently general and suitably restrictive condition of global thermal equilibrium states (in the sense of generalized Gibbs ensembles) for a large class of systems in quantum statistical mechanics and quantum field theory [Emc14, Haa92] a likewise universal concept of "local" temperature for such systems does not appear to be at hand. This problem apparently not only besets non-equilibrium situations in (relativistic) quantum field theory, or in quantum systems as such; it is known that, for a wide range of physical systems, there does not seem to exist a universal concept of temperature when the systems are not in thermal equilibrium. We refer to the review [CVJ03] for considerable further discussion on this topic.
One generalization of the KMS condition, the "non-equilibrium steady states", has been proposed by D. Ruelle [Rue00] ; this class of states corresponds to a medium (described in terms of a generic quantum system) coupled to several heat reservoirs at possibly different temperatures which thereby can attain a temperature distribution that may vary in space, but remains constant in time.
Another approach towards a local temperature concept, intended particularly for application in relativistic quantum field theory, has been proposed by Buchholz, Ojima and Roos [BOR02] . The basic idea here is to introduce sets S q of thermal observables of a quantum field theory at any spacetime point q and to compare the expectation values of the thermal observables in a given state with the expectation values of the thermal observables in a global thermal equilibrium state (characterized as a KMS state). The better the coincidence of the expectation values in the thermal observables, the closer the given state is to a thermal equilibrium state at spacetime point q, and may therefore be assigned a temperature at q -the temperature of the thermal equilibrium state admitting best coincidence of expectation values. We will give a more precise summary of the "local thermal equilibrium" (LTE) state concept in Sec. 2. Let us remark here that the LTE state concept has some promising features which have been explored in some publications, cf. [Buc03, BS13, SV08, Bah06, Sol10, Sol12, Ver12]. There are, however, some drawbacks. One possible drawback is that the concept of LTE states very much depends on how the set S q has been chosen. While [BOR02] give very good arguments for their choice of S q , it is not clear that this is the only reasonable choice which could be made. Moreover, the definition of S q of [BOR02] does not appear to be related to the time-evolution of the quantum field under consideration, while in contrast, the KMS condition refers explicitly to the time-evolution, and time-like correlations of quantum field observables. That is to say, the LTE concept does not appear as a local generalization of the KMS condition -the relation to the KMS condition is somewhat indirect through the use of local thermal observables S q and global thermal equilibrium states of the system for comparison.
In the present article, we will propose a new class of states, called "local KMS" (LKMS) states for the linear, scalar Klein-Gordon field on Minkowski spacetime. This class of states is characterized by a local generalization of the KMS condition,at any spacetime point q, at the level of the 2-point functions of the states. We will soon give a somewhat more detailed sketch of the LKMS condition to explain to what extent they generalize the KMS condition in a "local" sense. Yet, running somewhat ahead, let us already mention that the main result of this article will consist in showing that, under certain conditions on the states considered, the LKMS condition and the LTE condition are equivalent.
In order to describe the LKMS condition in more technical terms -full details and proofs will be given in the main body of the text -let us suppose that φ(f ), where f denotes testfunctions of Schwartz type, are the quantum field operators of the scalar Klein-Gordon field on 4-dimensional Minkowski spacetime. (Basically everything can readily be generalized to ddimensional Minkowski spacetime with d ≥ 4 upon making some suitable adaptations.) The field operators can be taken to be given in the vacuum representation on their standard Wightman domain; alternatively, they could also be regarded as elements of a * -algebra (e.g. the BorchersUhlmann algebra), initially without a concrete Hilbert space representation. The latter point of view is implicitly adopted when considering expectation values of field operator products in KMS states. Then one can consider a timelike, future-directed, normalized direction vector e of Minkowski spacetime, and we take ω β,e as the KMS-state with respect to the time-direction specified by e, at inverse temperature β. In particular, this implies that the 2-point correlation function t → ω β,e (φ(q − te/2)φ(q + te/2)) fulfills the KMS condition. Here, we have adopted common practice to denote the distribution with respect to the spacetime variables q and q as if it was a function. Actually, it is an analytic function as long as q − te/2 and q + te/2 don't coincide or are lightlike related. Looking only at quantum field operators which, very formally speaking, are localized at the same, coinciding points q = q, one obtains that the 2-point correlation t → ω β,e (φ(q − te/2)φ(q + te/2)) fulfills (a version of) the KMS condition. At this point, one must take some care in expressing the KMS condition because of the distributional nature of that 2-point correlation in t at t = 0; however, as we will show in the main body of this article, this difficulty can be overcome.
Then, the basic idea in setting up a local version of the KMS condition that we here propose is to view the KMS condition fulfilled by ω β,e (φ(q − te/2)φ(q + te/2)) with respect to t as a remnant of the full KMS condition at the spacetime point q, and to allow the time-direction e as well as the inverse temperature parameter β to vary with q. In other words, the idea is to say that a (sufficiently regular) state ω fulfills the local KMS condition at some spacetime point q if there are a time-direction vector e and an inverse temperature β > 0 such that the two-point correlation function ω(φ(q − te/2)φ(q + te/2)) fulfills the same (remnant) KMS-condition with respect to t as does the two-point correlation function ω β,e (φ(q − te/2)φ(q + te/2)) of a proper KMS state ω β,e with respect to the time-direction e at inverse temperature β.
It turns out that there is some leeway as to how precisely the said idea for an LKMS condition should be implemented. This concerns in particular the behaviour with respect to t. The initial thought is to try and keep the LKMS condition as local as possible in t and therefore to base the LKMS criterion on the values of ω(φ(q − te/2)φ(q + te/2)) and its t-derivatives at t = 0. In this spirit, we have given a preliminary definition of the LKMS condition in [Ver12] in the following form. First, abbreviating the 2-point correlation ω β,e (φ(q − te/2)φ(q + te/2)) of the KMS state with respect to time direction e and at inverse temperature β as ϕ q (t) = ω β,e φ q − t 2 e φ q + t 2 e
it is not difficult to observe that, as a consequence of the KMS condition, there is a function
which is defined and analytic on the open strip S β , and has a continuous extension to the closure S β except at the boundary points with t = 0, such that
holds for all t ∈ R. More precisely, the previous equations hold at the level of distributions with respect to the variable t. In fact, the singularities of ϕ q and f q at t = 0 compensate in the difference at the boundary of the strip S β , so that one has
for all n ∈ N 0 and for all t ∈ R. In fact, this condition, appropriately interpreted at the level of distributions, together with the condition that ϕ q+te = ϕ q for all t ∈ R, is equivalent to the KMS-condition for the two-point distribution f 1 , f 2 → ω(φ(f 1 )φ(f 2 )) with respect to the time-direction e, at inverse temperature β [BR97] . The condition ϕ q+te = ϕ q expresses invariance of condition (4) with respect to the time-shifts along the time-direction given by e, meaning in particular that β is constant along this time-direction. As we wish to define a condition characterizing states having a temperature at a given point q in spacetime which may vary when q varies, this suggests keeping condition (4) and dropping the condition ϕ q+te = ϕ q . Thus, we were led in [Ver12] to say that a (sufficiently regular) state ω fulfills the LKMS condition at the spacetime point q if there is a time direction vector e and and inverse temperature β (both possibly q-dependent) such that, upon writing
there is a function f q with the properties as specified above such that
holds for all n ∈ N 0 . Such a variant of the LKMS condition appears attractive since it is completely intrinsic in the sense that is uses only properties of the 2-point correlation function of the state ω in an infinitesimal neighbourhood of the spacetime point q, and does not require any states or observables (or limits thereof) for comparison of properties. Moreover, it is apparent in which sense it is a local remnant of the KMS condition. There is also a clear relation to the concept of LTE states.
To explain that, we recall that a typical choice for S q , the local thermal observables at a spacetime point q, is the collection of all balanced derivatives of the Wick-square of the quantum field φ at q. We will explain this in more detail in the main body of this article. As a consequence, if ω is an LTE state of infinite order at q, then it follows that
holds for all n ∈ N 0 , where z is an arbitrary spacelike vector. Assuming sufficient regularity of ω, ω(φ(q)φ(q )) − ω β,e (φ(q)φ(q )) is a jointly smooth function of the spacetime points q and q , and thus (7) can be extended to timelike vectors z by applying a polarization formula. Since ω β,e is a KMS state with respect to the time-direction e, (7) then implies also that ω satisfies relation (6). This shows that -up to some mathematical details which we will properly address in the main part of this work -LTE states of infinite order are LKMS states in the sense described above. However, we are interested to see under which conditions the LTE and LKMS conditions are equivalent. At this point, it matters to specify the "sufficient regularity" of the state ω (respectively, its two-point function) alluded to before. So far, "sufficient regularity" can be expressed as the (implicit) assumption that ω be a Hadamard state, which is equivalent to saying that its two-point function is of Hadamard form, or, equivalently, that it satisfies the microlocal spectrum condition [Rad96, SVW02] . Making this assumption, one can show that ω fulfills the LKMS condition if it fulfills the LTE condition (of infinite order) as we have just sketched. However, in order to obtain the reverse conclusion, it turns out that imposing the microlocal spectrum condition on (the two-point function of) ω is not enough. Stronger regularity on the two-point function of ω must be imposed, together with a somewhat stronger form of the remnant KMS condition expressed so far in the form of (6). We find that, in order to conclude that the LKMS condition implies the LTE condition, it is sufficient that the two-point function of ω fulfills the analytic microlocal spectrum condition [SVW02] and that the remnant LKMS condition is strengthened to a remnant form of the relativistic KMS condition previously investigated by Bros and Buchholz [BB94, BB96] . Imposing these stronger conditions, we then obtain as our main result the equivalence of LKMS and LTE conditions (given in versions both for infinite and for finite order). We will also extend the result to mixed-temperature LKMS and LTE states.
As a consequence of the equivalence result, known examples of LTE states with a temperature distribution varying in space and time, such as the hot bang state constructed for the massless Klein-Gordon field in [Buc03] , provide examples for LKMS states with a temperature that varies in space and time. Similarly, results guranteeing the existence of (varying temperature) mixed LTE states [Sol10] also pertain for mixed LKMS states, and likewise, results constraining the existence of LTE states [Buc03] also apply in the case of LKMS states.
The present article is organized as follows. In Section 2, we discuss basic properties of the quantized Klein-Gordon field on (patches of) Minkowski spacetime, as well as properties of KMS states (with respect to given time-directions) and of their corresponding two-point functions. The LTE (local thermal equilibrium) condition for states of the quantized Klein-Gordon field according to [BOR02] will also be summarized. Section 3 is devoted to definition and discussion of our LKMS condition. This includes various characterizations of the LKMS condition and some results related to their analytic properties. Our main result on the equivalence of LKMS and LTE states, both for LTE states of finite and infinite order, for states fulfilling the analytic microlocal spectrum condition, will also be presented in Section 3. In Section 4, we discuss the generalization of our results to the case of mixed-temperature LTE and LKMS states. The article will be concluded by Summary and Outlook in Section 5. Several auxiliary technical results appear in Appendices to the main text.
Preliminaries
We consider the quantized uncharged Klein-Gordon field on a globally hyperbolic subregion M ⊆ M of Minkowski spacetime M = R 4 , with Lorentzian pseudo-metric of the form η = diag(+1, −1, −1, −1). The field φ(x) is regarded as an operator-valued distribution on the space D(M) of test functions with compact support contained in M, i.e. formally we have
The field fulfills the Klein-Gordon equation in the sense of distributions, i.e.
where denotes the d'Alembertian and m ≥ 0 is the mass parameter. Furthermore, φ(x) is regarded as hermitian, i.e. φ * (f ) = φ(f ), and to fulfill the Canonical Commutation Relations (CCR), expressed by
where [A, B] := AB −BA denotes the commutator and E is the causal propagator, defined as the difference of the advanced minus retarded fundamental solution of the Klein-Gordon equation. Locality (or Einstein causality) is expressed by the fact that E(f, g) = 0 whenever f, g ∈ D(M) have mutually spacelike separated supports. The algebra of local fields is the * -algebra A(M), generated by multiples of 1 and finite sums as well as products of the field operators. If M = M the algebra of observables A(M) is stable under the the action of the proper, orthochronous Poincaré group P ↑ + , implemented on the field operators by
where 
It is often convenient to formally write the n-point distributions as if they were functions,
where the x j are spacetime points. Here, we take the viewpoint of the reconstruction theorem [SW00] and restrict to states which are completely determined by their n-point functions ω n , n ∈ N.
We will call a quasifree state any state ω on A(M) which is completely determined by its two-point function
where the equation is to be interpreted as equating terms of equal order in t.
In what follows we will restrict to so-called Hadamard states. Those are characterized by a specific singular behaviour of their two-point function which mimics that of ω vac 2 , the two point function of the unique vacuum state ω vac on A(M). Namely, for every such state ω on A(M) one
As first recognized by Radzikowski [Rad96] , a Hadamard state ω can be characterized by a certain condition on WF(ω 2 ), the wave front set [Hör90] of its two-point function ω 2 . We will call a Hadamard state a state ω on A(M) which fulfills
where x ∼ k x means that x and x can be connected by the uniquely defined lightlike geodesic (a straight line in M) with cotangent vector k, while the condition k 0 > 0 requires k to be future directed. A stronger form of the Hadamard condition, the so-called analytic microlocal spectrum condition has been given in [SVW02] . Following this, we will call an analytic Hadamard state a state ω on A(M) which fulfills
where WF A (ω 2 ) denotes the analytic wavefront set [Hör90] of ω 2 . Note that in this case we have
, where C A is the class of real-analytic functions. In semiclassical gravity Hadamard states are an indispensable tool when it comes to the regularization of states, since in general there is no preferred state akin to the vacuum in a generic curved spacetime. In particular, they play an important role in the problem of defining an appropriate quantum stressenergy tensor which should replace the classical one in the semiclassical Einstein equations. This has provided some motivation for viewing Hadamard states as physical states for the quantized Klein-Gordon field on curved backgrounds [Wal94] . On the other hand, the characterization of Hadamard states in terms of conditions on the wave front set of ω 2 has proved instrumental for quantum field theory on curved spacetimes, cf. [HW01, HW02, BF09, BDH13] and references cited there.
It is well-known that global thermal equilibrium states of infinitely extended quantum systems can be described in a mathematically rigorous manner by means of the so-called KMS condition, first considered in [HHW67] (for a detailed discussion of quantum statistical mechanics in the operator-algebraic framework, see [BR97] ). In its usual formulation it relies on the existence of a one-parameter group α t of automorphisms, the group of time translations. However, in the setting of relativistic QFT, a Lorentz frame is fixed by the choice of a future-directed timelike unit vector e and the latter is interpreted as the "time-direction" of this frame. For later use we define the set of time-directions by
where V + denotes the open forward light cone. Then
is the one-parameter group of time evolution on A(M) with respect to the Lorentz frame whose time-direction is fixed by e ∈ V 1 + . The KMS condition can now be stated as follows:
t )-KMS state, for short), iff for any A, B ∈ A(M) there exists a function F A,B , which is defined and analytic on the open strip S β := {z ∈ C : 0 < z < β}, and defined and continuous onS β with boundary values
In relativistic QFT a (β, α (e) t )-KMS state ω is regarded as a thermal equilibrium state at inverse temperature β with respect to the rest system (or Lorentz frame) specified by some e ∈ V 1 + . Therefore thermal equilibrium states in relativistic QFT are indicated by both inverse temperature β and time direction e of the rest system. It is convenient to combine the two quantities into the inverse temperature four-vector β = βe ∈ V + so that ω β denotes a (β, α (e) t )-KMS state on A(M). In the following we will call ω β simply a β-KMS state. In the present model we have vanishing chemical potential and can therefore assume that for any given β ∈ V + there is a unique (gauge-invariant) β-KMS state ω β on A(M), i.e. the set C β of all β-KMS states on A(M) is non-degenerate. This assumption implies that ω β is also invariant under space-time translations. Furthermore, ω β fulfills the following time-clustering property (cf. [BB96] ):
which can be expressed more formally as
The two-point function ω
where S(R 4 ) denotes the space of Schwartz functions on R 4 . It has been shown by Buchholz and Bros in [BB94] that for A, B ∈ A(M) the correlation functions F A,B (x) := ω β (Aτ (1,x) (B)), x ∈ R 4 , of β-KMS states ω β on A(M) have in fact stronger analyticity properties than that imposed by the KMS condition. These analyticity properties can be viewed as a remnant of the relativistic spectrum condition in the case of thermal equilibrium states, and consequently the term relativistic KMS condition was introduced by the authors of [BB94] .
The LTE condition of Buchholz, Ojima and Roos
In [BOR02] Buchholz, Ojima and Roos developed a method for distinguishing states which are out of equilibrium but locally still have a thermodynamical interpretation. Heuristically speaking, a local thermal equilibrium (LTE) state is a state for which one can define local (pointlike) intensive thermal quantities like temperature, pressure and thermal stress-energy which then take the values they would have if the field was in some global thermal equilibrium state.
The first key step in the analysis of [BOR02] is the construction of spaces Q q of idealized observables (density-like quantities) located at some q ∈ M. Those observables are well-defined as quadratic forms in all states with an appropriate high-energy behaviour. From the spaces Q q one then selects certain subspaces S q ⊂ Q q of local thermal observables s(q). The thermal interpretation of these observables is justified by evaluating them in thermal reference states. The set of these reference states is denoted by C B and consists of mixtures of KMS states ω β on A(M), with β contained in some compact subset B ⊂ V + . A generic state ω B ∈ C B is represented in the form
where ρ is a positive normalized measure on V + with support contained in B. In the following we will first restrict to states with sharply defined local thermal parameters, corresponding to pointlike-concentrated measures ρ = δ β in (23). It is thus sufficient to take for the moment as the space of reference states the spaces C β , defined at the end of the previous section. We will discuss the case of states with"mixed" thermal parameters in Section 4. For the present model the spaces of thermal observables are defined as the spaces S n q , spanned by the so-called balanced derivatives of the Wick square up to order n, defined as
where ω vac is the unique vacuum state on A(M) and the limit is taken along spacelike directions z. For the Klein-Gordon field with m = 0 an easy computation yields
where the c n are some universal numerical constants [BOR02] . This makes clear that the functions S(β) can be constructed completely out of β. 2 and thus can be viewed as thermal functions corresponding to the micro-observables s(q). Furthermore, due to the invariance of ω β under space-time translations, they are independent of q. Note that for odd n the thermal functions are equal to 0. The definition of local thermal equilibrium in the sense of [BOR02, Buc03] can now be stated in the case of the Klein-Gordon field as follows:
Definition 2.2. Let N ∈ N and ω a Hadamard state on A(M). We say that ω is a local thermal equilibrium state of order N at q ∈ M with sharp inverse temperature vector β, or [β, q, N ]-LTE state for short, iff there exists a β-KMS state ω β on A(M), such that
We will say that ω is a [β, q]-LTE state iff it is a [β, q, N ]-LTE state for all N ∈ N.
Of particular interest is the space S 2 q which contains (besides the unit 1) two thermal observables which play a prominent role. The first one is : φ 2 : (q), the Wick square of φ at the point q ∈ M, defined by :
where the limit is taken along spacelike directions z. This observable is usually regarded as a "thermometer observable", which is due to the fact that its evaluation in a β-KMS state yields for the Klein-Gordon field with m = 0: 3
The other thermal observable contained in S 2 q is the second balanced derivative of : φ 2 : (q), which is of special interest since its expectation values ω β (ð µν : φ 2 : (q)) are, up to a constant, equal to the expectation values of the thermal stress-energy tensor E µν (β). It is a fundamental fact in special relativistic thermodynamics that all relevant macroscopic thermal parameters, in particular the entropy current density, for a (local) equilibrium state can be constructed once the components of E µν are known [Dix78, Chapter 4]. For increasing n the spaces S n q contain more and more elements. Thus, the [β, q, N ]-LTE condition introduces a hierarchy among the local equilibrium states in the following sense: If we successively increase the order N we get an increasingly finer resolution of the thermal properties of this state. For finite N we thus obtain a measure of the deviation of the state ω from complete local thermal equilibrium (which would amount to the case of a [β, q]-LTE state).
of a [β, q, N ]-LTE state ω on A(M). We start by noticing that if a state ω β on A(M) fulfills the β-KMS condition, then for fixed f, g ∈ S(R 4 ) there exists a function F f,g , analytic on S β , bounded and continuous onS β such that:
The α (e) t -invariance of ω β , together with the group properties of α (e) , implies:
Let q ∈ M arbitrary but fixed, e ∈ V 1 + a time-direction. In the following, we will denote by I q,e an open interval around 0 resp. by U q an open neighbourhood of 0 ∈ R 4 such that I q,e ⊂ {t ∈ R : q ± t 2 e ∈ M} (33)
Now, let ω be a Hadamard state on A(M) and consider the "relative-time-variable correlation function" f q : R ⊃ I q,e → C, which is formally defined as f q,e (t) := ω φ q − t 2 e φ q + t 2 e , t ∈ I q,e ,
where e ∈ V 1 + . Since ω is a Hadamard state, f q can only be well-defined as a continuous function if restricted to I q \{0}. Similarly, consider the "relative-variable correlation function" F q : R 4 ⊃ U q → C, formally defined by
This is a well-defined continuous function only as long as restricted to U q \(U q ∩ (∂V + ∪ ∂V − ), which resembles the restrictions which are met for the vacuum state ω vac of a Wightman quantum field theory [SW00] . In this case the relativistic spectrum condition plays a crucial role. By using arguments from complex function theory, one is led to the statement that the vacuum expectation values ω vac (φ(x 1 ) · · · φ(x n )) are the distributional boundary values of certain holomorphic functions. One could expect that similar statements also hold in the case of thermal equilibrium states. In fact, an axiomatic approach to thermal quantum field theory has been given in [BB96] , wherein the spectrum condition is replaced by the (relativistic) KMS condition. In particular, one has the following relation between the Fourier transform of the thermal twopoint function ω β 2 (x, y) ≡ ω β 2 (x − y) and that of the commutator function E(x, y) ≡ E(x − y), introduced in eq. (10):
which has to be understood in the sense of distributions. This relation replaces the relation ω vac 2 (p) = iΘ(p)Ê(p), expressing the relativistic spectrum condition in energy-momentum space. We first prove a lemma which shows that the (up to now, formal) expressions f q and F q , defined by eqns. (35) and (36) can be meaningfully defined in the sense of distributions.
Lemma
Then u q,e := χ * q,e ω 2 and w q := κ * q ω 2 , the pullbacks of ω with respect to χ q,e and κ q , can be defined as distributions in D (I q,e ) and D (U q ), such that
If ω is an analytic Hadamard state, the latter relations get replaced by
Proof. The proof can be found in Appendix C.
Definition 3.2. Let q ∈ M and ω a Hadamard state on A(M). Then we call u q ∈ D (I q,e ) the relative-time-variable two-point function of ω at q and w q ∈ D (U q ) the relative-variable two-point function of ω at q.
If ω is a Hadamard state on A(M), i.e. ω is globally defined, and q ∈ M then I q,e = R for all e ∈ V 1 + , U q = R 4 , and we denote by u q ∈ D (R) (resp. w q ∈ D (R 4 )) the relative-time-variable (resp. relative-variable) two-point function of ω at q. For a globally hyperbolic subregion M of M, we denote by ω| M the restriction of ω to A(M). Then ω| M is a state on A(M) which fulfills the (local) Hadamard condition, eq. (15), and we denote by u q ∈ D (I q,e ) (resp. w q ∈ D (U q )) the relative-time-variable (resp. relative-variable) two-point function of ω| M at q. Clearly, u q and w q are the restrictions of u q and w q to I q,e and U q , i.e. it holds
Now, if q ∈ M and ω β is a β-KMS state on A(M) with β = βe, we have u β q ∈ S (R) and w β q ∈ S (R 4 ), since the two-point function ω β 2 is tempered as well. Furthermore, due to the spacetime-translation invariance of ω β , the relative-variable two-point function w β q is independent of the choice of q ∈ M and the same is true for u q , i.e. w β q ≡ w β and u β q ≡ u β for all q ∈ M. In fact, for every Hadamard state ω on A(M) with ω • τ a = ω one has
and setting z := x − y we find
to be understood in the sense of distributions. Thus, for translation-invariant states ω on A(M) we will call w just the relative-variable two-point function of ω and it still contains all relevant information on the state (at least for quasifree states). In contrast, a generic Hadamard state ω on A(M) will not be invariant under spacetime translations and so we have, in general,
or, expressed formally with q = 1 2 (x + y) and z = x − y:
Thus, in order to know the two-point function ω 2 everywhere, one needs to know the relativevariable two-point functions w q for all q ∈ M. Thence , there is the possibility of ascribing certain local properties (e.g. of thermal nature) to a state in a spacetime region O ⊂ M by giving respective conditions only on the relative-variable two-point functions w q with q ∈ O. After these preparations we will now show that for the class of [β, O, N ]-states, introduced in Definition 2.2, one obtains a point-wise remnant of the KMS condition, both in position space and in in momentum space.
Sharp-temperature LTE states of infinite order
We first show that for sufficiently regular states the [β, q]-LTE condition of Definition 2.2 can be expressed in terms of the relative-variable two-point function w q ∈ D (U q ), where, as before, U q is an open neighbourhood of 0 ∈ R 4 such that U q ⊂ {z ∈ R 4 : q ± z/2 ∈ M}. 
where w β is the relative-variable two-point function of ω β | M .
Proof. In view of the definition (24) of the Wick square and its balanced derivatives we have for any Hadamard state ω on A(M):
where w vac ∈ D (U q ) is the relative-variable two-point function of ω vac | M , the restriction to M of the unique vacuum state ω vac on A(M). Now let ω be a [β, q]-LTE state. According to (51) this implies that there is a β-KMS state ω β on A(M) such that
Applying Lemma C.2 to the symmetric 0 n -tensors
it follows that all directional derivatives of w β − w q vanish at z = 0. Assume conversely that there is a β-KMS state ω β on A(M) such that
In particular we have
which implies the [β, q]-LTE condition by (51). This completes the proof. Proof. Assume first that w q has the unique extension w q = w β ∈ S (R 4 ). Then restriction to U q ⊂ R 4 yields w q = w β in the sense of distributions which implies the [β, q]-LTE condition by Lemma 3.3. Assume conversely that ω is a [β, q]-LTE state. Since ω and ω β fulfill the analytic Hadamard condition, Lemma 3.3 implies that w q = w β in the sense of distributions. Using again the analytic Hadamard property of ω and ω β it follows that w q = w β is the unique extension (by analyticity) of w q and the proof is complete.
Note that by the time-clustering property of ω β , eq. (21), this also implies that
which means that ω fulfills a "localized" version of the time-clustering property. The next Proposition shows that if ω is a [β, q]-LTE state on A(M), where β = βe with β > 0 and e ∈ V 1 + , the relative-time-variable two-point function u q ∈ D (I q,e ), defined in Lemma 3.1, has certain analyticity and periodicity properties which are inherited from the β-KMS condition fulfilled by the comparison state ω β . Furthermore, these properties can be expressed as a remnant of the β-KMS condition in momentum space.
Proposition 3.5. Let q ∈ M, let I q,e be an open interval around 0 ∈ R with I q,e ⊂ {t ∈ R : q ± te/2 ∈ M}, and let ω be an analytic Hadamard state on A(M) which fulfills the [β, q]-LTE condition. Then the following hold:
(i) There exists a complex function f q with the following properties:
(a) f q is defined and holomorphic on S q = {z ∈ C : 0 < z < β}.
(c) We have:
where h − (t) := h(−t).
(ii) The relative time-variable two-point function u q of ω at q has a unique extension u q ∈ S (R) such that e βk u q (−k) = u q (k).
in the sense of distributions.
Proof. By Corollary 3.4 the [β, q]-LTE condition in particular implies that the relative-timevariable two-point function u q ∈ D (I q,e ) has the unique extension u q = u β ∈ S (R 4 ), which by eq. (134) in Appendix B yields
where E(k) is given for m = 0 and m > 0 by eq. (133) and eq. (132) in Appendix B. This immediately implies (ii). Now, defining γ q := {σ ∈ R : e σk u q (−k) ∈ S (R)}, we have 0 ∈ γ q and β ∈ γ q , since e βk u q (−k) = u q (k) ∈ S (R). The set γ q is convex [SW00, Thm. 2-5] and it follows that λβ ∈ γ q for all λ ∈ [0, 1]. In other words, e σk u q (−k) ∈ S (R) for all σ ∈ [0, β]. From the first part of Thm 7.4.2 in [Hör90] it then follows that there exists an holomorphic function f q : S q → C such that f q (t + iσ) = F[e σk u q (−k)](t) and property (ii) above holds. This immediately implies that for every fixed σ 0 ∈ (0, β) we have f q ( · + iσ 0 ) ∈ S (R). Since the Fourier transform
is weakly continuous and we know that e σk u q (−k)
we find
in the sense of distributions. Now consider the function g q , defined by g q (t+iη) := f q (t+i(β−η)), which is as well defined and holomorphic on S q . Then analogous arguments as for f q , together with (141) yield
in the sense of distributions. Restriction to test functions h ∈ D(I q,e ) completes the proof of (ii) ⇒ (i) and thus the proof of the Proposition.
It is immediately clear that properties (i) and (ii) in Prop. 3.5 are not equivalent to the [β, q]-LTE condition. Namely, these (equivalent) conditions are too weak to imply that the relativevariable two-point function w q ∈ D (U q ) has the unique extension w q = w β ∈ S (R 4 ). In this respect, the [β, q]-LTE condition seems to impose stronger constraints on the relative variable two-point function. The next lemma shows that the (relative-variable) two-point function w β of a β-KMS state ω β has in fact stronger analyticity properties than those imposed by Proposition 3.5. Those are remnants of the relativistic KMS condition of Buchholz and Bros [BB94] .
Lemma 3.6. Let ω β be a β-KMS state on A(M). Then there exists a complex function F β with the following properties: (i) F β is defined and holomorphic in the (flat) tube T β = {ζ ∈ C 4 : z = σe, 0 < σ < β}.
(ii) For all compact K ⊂ (0, β) there exist constants C K > 0 and N K ∈ N 0 such that
(iii) We have, in the sense of distributions:
where w β ∈ S (R 4 ) is the relative-variable two-point function of ω β .
The above properties of w β are not equivalent to the β-KMS condition. Since one has to choose some (arbitrary) point q ∈ M in defining w β , Lemma 3.6 yields only some local properties of the state ω β (i.e. properties at q) which itself do not imply space-time translation invariance of ω β . Based on this observation, we propose the following generalization of the β-KMS condition:
Definition 3.7. Let q ∈ M, let U q be an open neighbourhood of 0 ∈ R 4 with U q ⊂ {z ∈ R 4 : q ± z/2 ∈ M}, and let ω be an analytic Hadamard state on A(M). We say that ω fulfills the local KMS condition at q with respect to β, or [β, q]-LKMS condition for short, iff there exists a β = βe ∈ V + and a complex function F q with the following properties:
(i) F q is defined and holomorphic in the (flat) tube T q = {ζ ∈ C 4 : ζ = σe, 0 < σ < β}.
(iii) We have:
where h − (z) := h(−z).
(iv) We have We are now able to show that this condition indeed is equivalent to the [β, q]-LTE condition and can as well be formulated in momentum space. and the following holds in the sense of distributions:
Let ω be a [β, q]-LTE state on A(M). Then, by Corollary 3.4, w q ∈ D (U q ) has the unique extension w q = w β . Applying Lemma 3.6 to the β-KMS state ω β and subsequent restriction to test functions h ∈ D (U q ) yields (ii), with F q ≡ F β .
Assume that ω fulfills the [β, q]-LKMS condition. By [Hör90, Thm. 7.4.2] there exists a distributionT q ∈ S (R 4 ) such that e σepT q ∈ S (R 4 ) for all 0 ≤ σ ≤ β and F q (z + iσe) = F[e σepT q (p)](z). Since F : S → S is weakly continuous and e σepT q − −−− → σ→0 +T q in the weak sense, it follows that
By eq. (67) this yields
i.e. T − q ∈ S (R 4 ) is an extension of w q . Now set G q (z + iσe) := F q (z + i(β − σ)e), which as well is defined and holomorphic on T q . Analogous arguments as above yield
in the sense of distributions, and restriction to test functions h ∈ D(U q ), together with eq. (68) and eq. (73) gives
Writing w q := T − q for the extension of w q , this implies
That eq. (70) is fulfilled follows directly from eq. (69) by which the proof of (ii) ⇒ (iii) is complete. Now assume that (iii) holds. From (71), together with the canonical commutation relations (10), it follows that
As discussed before, the distributional solution w q (−p) of the latter equation is not unique:
Thus, by (37) there exists a β-KMS state state ω β , such that
where we have used δ(−p) = δ(p). But in view of the clustering property, eq. (70), we find that w q cannot contain a constant term, i.e. c = 0 and we have
in the sense of distributions. Since this is equivalent to (i) by Corollary 3.4, the proof is complete.
As already mentioned in the introduction, this result in particular implies that known examples of [β, q]-LTE states are [β, q]-LKMS states which guarantees existence of the latter. For example, as discussed in [BOR02, Buc03] , in the case of a massless field the hot-bang states ω hb , whose two-point functions a formally given by 
Proof. Assume that ω is a [β, q, N ]-LTE state on A(M), which in view of (51) yields
Applying Lemma C.2 to the symmetric
Assume conversely that there exists a β-KMS state ω β on A(M) such that the latter equation holds. In particular we have such that w β ∈ S (R 4 ) is the unique extension of w q + R q ∈ D (U q ), where w q is the relativevariable two-point function of ω at q.
Proof. Assume first that there exists a β-KMS state ω β on A(M) and a R q ∈ D (U q ) with the above properties such that w β is the unique extension of w q + R q . In particular, by restriction to U q ⊂ R 4 , we have w q = w β + R q in the sense of distributions. Therefore,
which implies the [β, q, N ]-LTE condition by Lemma 3.10. Assume conversely that ω is a [β, q, N ]-LTE state on A(M) and define R q ∈ D (U q ) by
Since ω and ω β fulfill the analytic Hadamard condition it follows that WF A (R q ) = ∅ and , since by eq. (10) the antisymmetric parts of w β and w q cancel each other, R q is symmetric,
Since w β = w q + R q in the sense of distributions it follows from the analytic Hadamard condition on ω and ω β as well as from the analyticity of R q that
Thus, we obtain that w β ∈ S (R 4 ) is the unique extension (by analyticity) of w q + R q ∈ D (U q ) and the proof is complete.
Definition 3.12. Let q ∈ M, let U q be an open neighbourhood of 0 ∈ R 4 with U q ⊂ {z ∈ R 4 : q ± z/2 ∈ M}, and let ω be an analytic Hadamard state on A(M). We say that ω fulfills the local KMS condition at q with respect to β at order N ∈ N, or [β, q, N ]-LKMS condition for short, iff here exists a β = βe ∈ V + and a complex function F q with the following properties:
(ii) For all compact K ⊂ (0, β) there exist constants N K ∈ N and C K > 0 such that
(iii) There exists a symmetric distribution R q ∈ D (U q ) with WF A (R q ) = ∅ and
such that
(iv) We have
We now prove a generalization of Theorem 3.8.
Theorem 3.13. Let q ∈ M, ω an analytic Hadamard state on A(M). and denote by w q ∈ D (U q ) the relative-variable two-point function of ω at q. Then the following are equivalent:
(ii) ω fulfills the [β, q, N ]-LKMS condition.
(iii) There exists a β ∈ V + and a symmetric distribution R ∈ D (U q ) with WF A (R q ) = ∅ and
such that w q + R q has an extension T q ∈ S (R 4 ) with
and the following holds in the sense of distributions:
Let ω be a [β, q, N ]-LTE state on A(M). Then, by Corollary 3.10, w q + R q ∈ D (U q ) has the unique extension w β ∈ S (R 4 ). Applying Lemma 3.6 to the β-KMS state ω β and subsequent restriction to test functions h ∈ D(U q ) yields (ii), with F q ≡ F β . Now assume that (ii) holds. By [Hör90, Thm. 7.4.2] there exists a distributionT q ∈ S (R 4 ) such that e σepT q ∈ S (R 4 ) for all 0 ≤ σ ≤ β and F q (z+iσe) = F[e σepT q (p)](z). Since F : S → S is weakly continuous and e σepT q − −−− → σ→0 +T q in the weak sense, it follows that
By eq. (92) this yields
i.e. T − q ∈ S (R 4 ) is an extension of w q + R q . Now set G q (z + iσe) := F q (z + i(β − σ)), which as well is defined and holomorphic in T q . By analogous arguments as above we have
in the sense of distributions. Restriction to test functions h ∈ D(U q ), together with (93) and eq. (99)gives
Thus, it follows that
That eq. (96) is fulfilled follows directly from eq. (94) by which the proof of (ii) ⇒ (iii) is complete. It remains to show (iii) ⇒ (i). From (97) it follows together with the canonical commutation relations (10) that
where the symmetry of R q has been used. Again, the distributional solution w q (−p) of the latter equation is given byT
Thus, by (37) there exists a β-KMS state ω β , such that
In view of the local clustering property, eq. (96), we find thatT q cannot contain a constant term, i.e. c = 0 and thusT
in the sense of distributions. This, together with the properties of R q , is equivalent to the [β, q, N ]-LTE condition by Corollary 3.11, which completes the proof of the theorem.
LTE States with Mixed Temperature
So far we have only discussed locally thermal states with sharply defined thermal parameters. A generalization of this arises if one enlarges the space of thermal reference states to the space C B of mixtures of KMS states, as discussed in Section 2.
Definition 4.1. Let ρ be a positive normalized measure with support in some compact B ⊂ V + . We shall call the state ω B on A(M), defined by
the mixed-temperature state with respect to ρ.
It follows immediately from the respective properties of the KMS states ω β that ω B is an (not necessarily quasifree) analytic Hadamard state, i.e. it fulfills eq. (16). Thus, for any point q ∈ M we can compute the relative-variable two-point function w B q ∈ D (R 4 ), according to Lemma 3.1. Since ω B can also easily be seen to be spacetime-translation invariant, ω B • τ (1,a) = ω B , a ∈ R 4 , the relative-variable two-point function does not depend on the choice of the point q ∈ M, i.e. w B q ≡ w B . Furthermore we have w B ∈ S (R 4 ) since the KMS two-point functions w β are tempered as well.
Definition 4.2. Let ω be a Hadamard state on A(M) and N ∈ N. We say that ω is a local thermal equilibrium state of order N at q ∈ M with mixed temperature distribution ρ, or [ρ, q, N ]-LTE state for short, iff there exists a positive normalized measure ρ with support in some compact B ⊂ V + (q), such that
where ω B is the mixed temperature state with respect to ρ. We say that ω is a [ρ, q]-LTE state iff it is a [ρ, q, N ]-LTE state for all N ∈ N.
It has been shown in [BOR02] that for given q ∈ M and N ∈ N there exist non-trivial [ρ, q, N ]-LTE states. This result was extended by Solveen [Sol10] as follows: For any compact subset O of Minkowski spacetime and finite N ∈ N there exist probability measure-valued functions q → ρ q , q ∈ O such that there are states which are non-trivial [ρ q , q, N ]-LTE states for all q ∈ O.
Mixed-temperature LTE states of infinite order
We first show, in analogy to the case of sharp temperature, that the [ρ, q]-LTE condition can be expressed in terms of the relative-variable two-point function w q ∈ D (U q ). As before, we denote by U q an open neighbourhood of 0 ∈ R 4 with U q ⊂ {z ∈ R 4 : q ± z/2 ∈ M}. 
where w B ∈ D (U q ) is the relative variable two-point function of ω B | M .
Proof. The proof is verbatim the same as the proof of Lemma 3.3, with ω β replaced by ω B .
If, in addition, the state ω fulfills the analytic Hadamard condition we have the following Corollary which also is proven by analogous arguments as in the sharp-temperature case, replacing ω β by ω B . Now we aim at an intrinsic description of mixed LTE states by defining a class of states which, in a sense, can be regarded as mixtures of LKMS states.
Definition 4.5. Let q ∈ M and let ω be an analytic Hadamard state on A(M). Then we say that ω fulfills the mixed-temperature local KMS condition at q with respect to ρ, or [ρ, q]-LKMS condition for short, iff there exists a positive normalized measure ρ with support in some compact B ⊂ V + (q), such that
in the sense of distributions. Here, wβ q ∈ D (U q ) are the relative-variable two-point functions at q of states ωβ ,q on A(M) which fulfill the [β, q]-LKMS condition.
In fact, it is not hard to see that this condition is indeed equivalent to the [ρ, q]-LTE condition given above. 
Proof. The proof is verbatim the same as the proof of Lemma 3.10, with ω β replaced by ω B .
Again, assuming the analytic Hadamard condition to be fulfilled by ω we have the following Corollary. Definition 4.9. Let q ∈ M, N ∈ N 0 and ω an analytic Hadamard state on A(M). Then we say that ω fulfills the mixed-temperature local KMS condition at q with respect to ρ at order N , or [ρ, q, N ]-LKMS condition for short, iff there exists a positive normalized measure ρ with support in some compact B ⊂ V + (q) and a symmetric distribution R q ∈ D (U q ) with WF A (R q ) = ∅ and
in the sense of distributions. Here, wβ q ∈ D (U q ) are the relative-variable two-point functions at q of states ωβ ,q on A(M) which fulfill the [β, q]-LKMS condition. Proof. This is proven by analogous arguments an in the proof of Theorem 4.6, using Corollary 4.8 and the existence result on [β, q]-LKMS states, Corollary 3.9.
Summary and outlook
A new proposal for a concept of local temperature in quantum field theory has been made and investigated in the present work. The basis of the concept is a local version of the KMS condition at the level of the two-point correlation of states of a quantum field. That local version permits temperature variations from point to point in spacetime, as well as variations of the time-direction with respect to which the condition is formulated and which ought to be seen as defining an (approximate) momentary equilibrium rest-frame. The main result of the present work is the equivalence of our LKMS condition and the LTE condition of Buchholz, Ojima and Roos for states of the quantized Klein-Gordon field which fulfill the analytic microlocal spectrum condition, on patches of Minkowski spacetime. This result indicates the utility of our LKMS condition in view of the sound physical motivation of the LTE condition in providing a characterization of states in quantum field theory to which one can ascribe a locally varying temperature. On the other hand, the result sheds a new light on the LTE condition, indicating its relation to a local version of the KMS condition. Nevertheless, the LTE condition is quite restrictive and its is likely that the set of LTE resp. LKMS states (to infinite order) that have a varying temperature distribution might be very small. This applies in particular to situations where the quantum fields propagate in the presence of time-varying external background fields; yet that is a potential domain of application for LTE and LKMS states, as for example in quantum field theory in the early cosmological eras. Therefore, seeking generalizations to the LTE concept appears a promising task.
We notice that the LKMS condition proposed in this paper does not involve any regularization nor any Hadamard subtraction. For this reason, this condition might be easier to generalize to the case of a quantum field propagating on a curved spacetime than the LTE condition. In particular, a generalization to the curved case of the LKMS condition of order zero, as introduced in Definition 3.12, is surely possible. In that case, the function R q introduced in Corollary 3.11, or in Definition 3.12, quantifies the failure of a state of being an exact LKMS state.
More generally, we think that the LKMS condition offers several possibilities for a generalization. As already pointed out in the beginning, without imposing the analytic microlocal spectrum condition, the LKMS condition is implied by the LTE condition, but not necessarily vice versa. The finite order LKMS conditions of Definition 3.12 could be modified to yield a generalized LKMS condition in a suitable microlocal sense which might render itself useful to quantum field theory in curved spacetime, and we see such a line of research as promising in the future. Furthermore, the LKMS condition (or suitable generalizations) could provide links to other conditions on states in quantum field theory in curved spacetimes which express thermodynamic stability or asymptotic relation to thermal states, see, e.g., [FV03, DHP11] . There is also the possibility to investigate the LKMS condition beyond two-point correlations. The operator product expansion [HK12] could provide a useful tool in that context. Progress in this direction should make it possible to understand potential relations between the LKMS condition and other characterizations of (locally) thermal states in interacting quantum field theory [ABDM09, FL14] .
We integrate over the p 0 -component, switch to spherical coordinates with r = | p| and then substitute k = √ r 2 + m 2 , which yields u β (t) = 1 (2π) 
Therefore, the Fourier transform u β of u β is given by
which reduces in the massless case with m = 0 to
The relative-time-variable commutator distribution E ∈ D (R), is therefore given bŷ
which reduces for m = 0 toÊ (k) = − i 2 √ 2π 3/2 k.
We thus obtain the following remnant of relation (37) in the massless (m = 0) as well as in the massive (m > 0) case:
C Proofs of some lemmas
Proof of Lemma 3.1. This is an application of Hörmander's criterion. The set of normals of the map χ (q,e) ≡ (χ 1 , χ 2 ) is defined as N χ = {(χ (q,e) (t), η) ∈ (M × M) × (R 4 × R 4 )|(χ (q,e) ) T (t)[η] = 0}.
We have (χ (q,e) ) T (t) = 1 2 (−e, e) for all t ∈ I q,e and thus (χ (q,e) ) T (t)[η] = 1 2 (η µ 2 e µ − η µ 1 e µ ).
Now suppose that (x, p; x , p ) ∈ WF(ω 2 ) ∩ N χ . In, particular this implies that p is lightlike and future-pointing and p = −p. But from (136) it follows that we have p µ e µ = 0, from which we we conclude that WF(ω 2 ) ∩ N χ = ∅ since p µ e µ = 0 for all future-pointing lightlike p and timelike e. We can thus apply [Hör90, Thm 8.2.4], by which χ * q,e ω 2 ∈ D (I q,e ) is well defined and eq. (40) holds. In the analytic case we can apply [Hör90, Thm 8.5.1] to obtain eq. (42). Next, the set of normals to the map κ q is defined as
The differential κ q is given by the respective Jacobi matrices so we have , by which κ * q ω 2 ∈ D (U q ) is well defined and eq. (41) holds. In the analytic case we can apply Theorem 8.5.1. of [Hör90] , which yields eq. (43) and completes the proof.
In the proof of Lemma 3.3 we will make use of the following polarization identity for totally symmetric multilinear maps.
Lemma C.1. Let E and F be R-vector spaces and T : E n → F a totally symmetric multilinear map. If we denote the restriction to the diagonal byt(v) := T (v, . . . , v), for v ∈ E, there holds the polarization identity
where the J are subsets of {1, 2, . . . , n} and |J| denotes the number of elements of J.
Proof. A nice proof can be found e.g. in [Tho14] .
This leads to a slight generalization of Lemma 5.1.2. in [Kri99] .
Lemma C.2. Any symmetric 0 n -tensor T is uniquely determined by its values T (e, . . . , e) for all timelike vectors e with e 2 = e µ e µ = 1. Similarly, T is uniquely determined by its values T (, . . . , f ) for all spacelike vectors f with f 2 = f µ f µ = −1 .
